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Abstract

Earlier papers in the Unified Boundary Field Theory (UBFT) represented deviations
from the long-run interest rate by maturity modes that decay toward a fixed asymptotic
level z, [1, 2]. The restriction appeared benign, not least because it is consistent with the
widespread use of one-factor equilibrium term-structure models built around a fixed long-run
anchor. Within the UBFT framework, however, the distinction between the equilibrium
long-maturity level and the realised long-maturity state is material since the axioms identify
Too as an equilibrium anchor, but do not require the realised infinite-maturity rate to equal
Too pathwise. Imposing that property through the cross-sectional ansatz is therefore an
additional closure restriction and may be stronger than the rolling-coordinate invariance
required by Axiom 2.

This paper removes that restriction by introducing the realised long-boundary state
X; = lim,_, o, '(7) directly into the repeated-root Robin representation. The resulting
field preserves the short-boundary geometry of Paper II [2] while separating the realised
long-boundary X; from its equilibrium anchor x.,. The enlarged curve is then subjected to
the same affine Kolmogorov-forward, equilibrium-transport and rolling-consistency conditions,
consistent with the theory. The resulting coefficient-matching theorem shows that, when the
short and long boundary innovations share one Brownian direction, the projected maturity
diffusion equals the original Axiom-2 drift—diffusion kernel at every maturity. Importantly,
the deterministic compatibility condition required by this identity is exactly the Robin
identification already obtained in Paper II [2], rather than a new restriction.

The construction therefore extends UBFT from a fixed realised long boundary to a
stochastic long-boundary field without increasing Brownian dimension. Under the strict
Axiom-2 closure, the two economically distinct boundary coordinates are driven by one
dynamically independent stochastic state: after an affine shift, the short and long boundaries
are pathwise proportional. A broader imperfect-correlation model remains available as an
extension, but it is not required merely because X; is stochastic.

1 Introduction: an implicit restriction in the earlier ansatz

The Unified Boundary Field Theory (UBFT) treats the term structure of instantaneous rolling

forward rates (IRFRs) as a maturity field constrained by the Kolmogorov forward equation

(KFE), rolling-coordinate consistency, equilibrium moment transport and admissible boundary

behaviour. Paper I develops the affine one-Brownian construction and its common maturity

kernel [1]. Paper II classifies the free/Neumann and fixed/Dirichlet short-boundary limits and

derives the mixed/Robin condition as the most economically relevant boundary regime [2].
The Paper IT Robin representation is

of(1) = Too + [ARy + Bratle™7,  t=T-t. (1.1)
It follows immediately that
lim (1) = 200 (1.2)
T—00



for every realised path. That conclusion is mathematically correct, but it follows from the chosen
cross-sectional ansatz rather than from a separate pathwise requirement of the axioms.
The relevant distinction is between the equilibrium long boundary

X, = lim 2%(7) = 24 (1.3)
T—00
and the realised long-boundary state
X, := lim z&(7). (1.4)
T—00

The earlier representation imposed X; = xo, by construction. This was easy to overlook because
a fixed long-run anchor is familiar from one-factor equilibrium term-structure models and a
representation of the form “constant plus decaying modes” appears natural. Within UBFT,
however, Axiom 2 requires rolling-coordinate consistency but does not visibly require the realised
long boundary to be deterministic while the remainder of the field is stochastic. The infinite-
maturity boundary is an asymptotic state of the fitted field rather than the rate on a literally
infinite-maturity traded instrument.

The purpose of this paper is therefore narrow: to relax only the pathwise identification
Xi = x4 while preserving the repeated-root Robin maturity family, the equilibrium anchor x..,
the affine KFE structure and the common Axiom-2 drift—diffusion kernel. The resulting model
nests Paper II because

Xt =2 = the Paper II Robin field. (1.5)

The argument proceeds in four steps. First, the fixed long boundary is relaxed within the
existing repeated-root maturity family. Second, the Robin condition determines the repeated-
root coefficient from the short and long boundary states. Third, the projected field diffusion
is matched to the Axiom-2 common kernel under a single Brownian innovation. Fourth, the
compatibility condition required by that match is shown to be exactly the Robin identification
derived in Paper II [2].

The phrase “one factor” can be ambiguous in this setting. The maturity representation
displays two boundary coordinates, (zf*(0), X;). Under the strict closure derived below, however,
their shifted forms are pathwise proportional. The displayed boundary-coordinate dimension is
therefore two, while the dynamically independent stochastic-state dimension, Brownian dimension
and instantaneous covariance rank are each one, conditional on the initial boundary configuration.
Accordingly, the paper uses one-Brownian field or rank-one instantaneous field unless referring
directly to the terminology of the earlier papers. Throughout the remainder of the paper the
Robin decay clock is denoted simply by a, so that agr = a from the outset. The analysis is
conducted under the physical measure; it does not by itself constitute a complete risk-neutral
pricing construction.

2 Why the fixed long boundary is not axiomatic

This section separates the maturity representation from the subsequent stochastic identification.
Paper II admits the repeated-root modes e —4*T and then applies the KFE, rolling
moment stationarity, proportional drift and diffusion loadings, positivity and the within-regime
market signal-to-noise ratio condition to identify the admissible process [2]. The repeated-root
modes determine the Robin maturity geometry; the constant term z., separately fixes the
realised infinite-maturity boundary.
Axiom 3 is an equilibrium rolling-moment condition,
0 R 0

aE[(xt,T)n] = —8—TIE[(1:§T)"], n=12, (2.1)
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and therefore identifies equilibrium transport rather than a pathwise equality between the
realised and equilibrium long boundaries.

Axiom 2 requires drift and diffusion to share one state-and-maturity kernel. Under the
convention used below, define

R
Q(1) := a[xf(T) — :cf”(T)] + iax{;@ (2.2)
In this normalization, the common kernel vanishes at the maturity-dependent lower state
boundary
1 0xl(7)
or
The drift and diffusion are differently scaled versions of this same kernel. Nothing in this
requirement itself forces X; = .

Tyin(T) = 2(7) —

(2.3)

Proposition 1 (implicit long-boundary closure). The repeated-root representation used
in the earlier fixed-long-boundary theory imposes

X, = lim 22(7) = 2 (2.4)
T—00
through its constant term. This is a property of the cross-sectional ansatz rather than an

independently derived pathwise restriction of the UBFT axioms.

3 The minimally relaxed Robin representation

This section changes only the maturity geometry; no Brownian dimension is assigned at this
stage.
Let
7y := xt(0) (3.1)

denote the realised short boundary. The minimally relaxed repeated-root field is

af(7) = Xy + [ry — Xy + Dyr]e 7. (3.2)
It satisfies
:):f{(O) =7y, Tli_{glo xf(T) = X;. (3.3)

If X; = oo, then (3.2) reduces exactly to the Paper II maturity family with
AR,t =Tt — Too, BR,t = Dy. (3-4)

The important point is that (3.2) is a statement about maturity geometry. It does not yet
say whether (ry, X;) are driven by one Brownian motion or two.

4 Robin closure and maturity loadings

This section uses the Robin law to eliminate D; as an independent state.
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Figure 1: Schematic Robin curves drawn from different admissible initial boundary configurations
with the same equilibrium anchor x,,. The upper and lower curves are not successive states of
one trajectory: under the one-Brownian dynamics, the sign of X; — z, is preserved at every
finite time.

4.1 General continuous Robin law

Impose the continuous mixed boundary condition

Oxfi(r)
or 7=0

arz(0) + Br = VR, Br # 0. (4.1)

The coefficient ag multiplies the boundary level and Sz multiplies the boundary slope. Thus
the limiting cases fr = 0 and ag = 0 are respectively Dirichlet and Neumann, while a genuine
Robin condition combines both components. These coefficients are not probability weights:
multiplying (ar, Br,vr) by the same non-zero constant leaves the boundary law unchanged, and
the level and slope terms have different units. Only the ratios ar/fr and yr/fr are material.
Dividing by Br gives

dxf'(7)

«
L + YR Ry = B (4.2)

=0 BR B BR'
Section 7 shows that ar/Br = a®(1 — kRr), so the Paper II parameter xp is the dimensionless
parameter controlling the relative level and slope contribution of the Robin operator.

From (3.2),

833?(7’)
or

= Dt — az(rt - Xt) <43)
=0

Hence
YR — ORT¢

Br
The repeated-root coefficient is therefore not an independent stochastic primitive: the Robin
law makes it affine in the short and long boundary states.

Substitution into (3.2) shows that the curve is an affine maturity projection of the two
boundary states,

Dy =a’(ry — Xy) + (4.4)

xfi(T) = L,(7)ry + Lx (1) Xy + Lo(7), (4.5)



where

Lo(r) = {1 + <a2 - O‘R> T] e=aT, (4.6)
Br

Lx(t)=1- e T — a2re T, 4.7

Ly(1) = Z—II:T@_“ i (4.8)

At 7 = 0 the loadings reduce to (1,0,0), while as 7 — oo they converge to (0,1,0). Thus the
field connects the realised short and long boundaries while preserving the repeated-root Robin
geometry.

4.2 Equilibrium curve

Let
re == 2(0), Xe = Too. (4.9)
The equilibrium repeated-root coefficient is
QR 2 TR
D, = a2—>re—a$oo+. 4.10
< Br Br (4.10)
The equilibrium field is
2l (1) = Ly(T)re + Lx (T)@00 + Lo(7). (4.11)
Therefore
2B(r) = 2B(r) = L (1) (ry — re) + Lx (7)(Xt — Zoo). (4.12)

The deterministic Robin term L cancels from the realised displacement.

5 The Axiom-2 common kernel

This section constructs the state-and-maturity kernel that the projected field diffusion must
reproduce.
Differentiate (4.11). A direct calculation gives

8565(7') _ 67(12T TR — GRTe
or Br
Combining (2.2), (4.12) and (5.1), the exact rolling kernel is

Qi(1) = a(Xt — 2o0)

— a2D€T:| . (5.1)

te T [a(rt —71e) —a(Xy — xoo) + W}
aBr
+are T [(aQ - aR) (re —7e) — a*(Xy — Too) — De] . (5.2)
Br
The maturity basis is therefore
1, e, Te T, (5.3)
At the boundaries,
— QRTe
Qu(0) = a(r, — re) + H—_HTe. (5.4)
aBr
lim Qi(7) = a(Xt — To). (5.5)

T—00

These expressions show why the short-boundary diffusion cannot in general be assumed to be
simply ars: the rolling-equilibrium transport term is part of the common kernel.



6 One Brownian field with two boundary states

This section asks whether the two boundary states can share one Brownian innovation while
preserving the Axiom-2 kernel at every maturity.
6.1 Common-Brownian restriction

Begin with the general state representation
dri = pe(t)dt + o.()dW],  dX; = px(t)dt + ox (t)dW;X, (6.1)

with
AW] AW = pdt. (6.2)
The cross-sectional representation (4.5) is independent of the correlation specification.

Under the one-field restriction
p=1 (6.3)

the Brownian increments may be represented, with common orientation, as

dW] = dW;X = dW;. (6.4)

Thus
dxﬁ(T)'diﬂusion - Gt(T)th’ (65)

where
Gy(1) = Ly(1)o + Lx(T)ox. (6.6)

Expansion in the same maturity basis gives

CLQT

Gi(t) =0ox + (0, —0ox)e”

+ [(az - (;R> op — agax} Te T, (6.7)
R

6.2 Coefficient matching

Axiom 2 requires the projected diffusion loading to equal the common kernel, under the
normalization used here:

|Gi(r) = Qu(r).| (6.8)

The three maturity functions 1, e~" and 7€ %7 are linearly independent. Matching their

coefficients gives

ox = a(Xi — Too), (6.9)
or =a(ry —re) + w, (6.10)
aBr
and the remaining deterministic compatibility condition
<az _ aR) YR ORTe __ op (6.11)
Br Br

The residual calculation is given in Appendix B.



Theorem 1 (one-Brownian Robin closure). For the stochastic-long-boundary represen-
tation (3.2), subject to the Robin law (4.1), suppose the short and long boundary coordinates
share one Brownian increment. If the equilibrium coefficients satisfy (6.11), then

Gi(1) = Q4(T) for every 7 > 0. (6.12)

The enlarged maturity representation therefore contains two economically distinct boundary
coordinates but one instantaneous innovation direction. Section 7 shows that (6.11) is exactly
the Paper II Robin identification, rather than an additional equilibrium assumption. Section 8
further shows that the shifted boundary coordinates are pathwise proportional under this strict
closure.

7 The compatibility condition is exactly Paper 11

This section verifies that the coefficient relation required by the one-Brownian closure is already
contained in Paper II.

The preceding theorem would be less useful if (6.11) were a new restriction. It is not. It is
the Paper II Robin identification in general boundary notation.

Paper II writes the fixed-long-boundary Robin affine line as

Bri =g+ kra*Ary, (7.1)
where
ARJg =Tt — Too- (72)
Comparing the slope of (4.4) in the limit X; = zo with (7.1) gives
e KRa?, (7.3)
Br
or equivalently
R _ 021 - kp). (7.4)
Br
The intercept is
— QRT
R = %ﬂ. (7.5)
R
Also define
Afp =re — Too, D. = B = np + kra’A%. (7.6)
Now
— QRr
TR~ ARTe _ nr — a*(1 — kgr)A%. (7.7)
Br
Substituting these relations into (6.11) gives
KRa’ (R — a’(1 — kr)AR] = —a? (R + HZRCLQA%] . (7.8)
After cancellation,
(1+ KkRr)nR + KRa> A% = 0. (7.9)
For kg # —1,
SR 2 4 (7.10)
= — a . .
IR 14+ kg R
Consequently,
2
K
BR,t = — 1 +IZRCL2A% + IQRCL2AR¢, (711)

which is precisely the identified one-factor Robin manifold in Paper II [2].
Thus the stochastic-long-boundary coefficient matching does not add a new equilibrium
restriction. It recovers the existing one.



7.1 Policy-anchor translation
Paper II [2] also permits the fixed-long-boundary curve to be written

zB(r) =1+ wRT)e_agTrt —wrre Tap + (1-— e_GQT):UOO. (7.12)

Matching its repeated-root coefficient to (7.1) gives
wg = KkRra’ (7.13)

and
Nk = £Ra% (o — D). (7.14)
Using (7.10), for kg # 0,

KDR e xoo+/€R7ﬂe
+ R —
14+ kg 14+ kR

(7.15)

ITD = Too
This is the policy-anchor expression of the same intercept condition, not an independent
restriction.
8 Boundary dynamics and full field evolution

Under the convention
dmf(T) = —aQ(7)dt + Q¢(7)dWy, (8.1)

the boundary dynamics follow by taking 7 = 0 and 7 — oo.
At the long boundary,

dX, = —a?(X; — 2o0)dt + a(X; — oo )dW,. (82)

At the short boundary,

YR — RTe
dri= —a |a(ry —re —|—]dt
! [ (re ) afr
n {< )+ 7—} aw. (8.3)
aBr

The same kernel governs the drift and diffusion at each boundary and at every interior maturity.

Corollary 1 (preservation of the UBFT market signal-to-noise ratio). Under the one-
Brownian Robin closure, (8.1) has drift loading —a@(7) and diffusion loading Q¢(7). Therefore,
under the market signal-to-noise ratio (MSNR) convention of Papers I and II,

MSNRE(r) i 120D 0 (8.4)

V2(Qi(r)] V2

for every maturity and admissible state at which Q;(7) # 0, with the value at a degeneracy
boundary understood by continuity. Introducing a stochastic realised long boundary therefore
preserves the maturity-, time- and state-independent MSNR, of the earlier UBFT construction.

Equation (8.1) is the fixed-remaining-maturity form. For a fixed calendar maturity 7', with
T =T —t, Itd’s formula gives
0zl (1)

dach = |—aQ(1) — 5 dt + Q¢(7)dW;. (8.5)



Thus the change of coordinates adds the deterministic roll term —d,2*(7)dt and does not alter
the common diffusion kernel. Appendix C derives (8.5) directly.
With V; = X — 2, (8.2) gives

3
}ft = }/to exp —§a2(t - t()) + a(Wt - Wto) . (86)

Hence, if X}, > xo, then X; > 2 at every finite time almost surely. The equilibrium boundary
Too 18 inaccessible from that admissible interior. Moreover,

Bty [ Xt — Too] = (Xt — Too)e @ 10), (8.7)

Bty [(Xi — Zo0)?] = (Xpy — o) e~ 710, (8.8)

8.1 Pathwise relation between the boundary coordinates

Define y ar
R — QRTe
Ut = Tt—T'e—Fw, th = Xt_xoo- (89)
Equations (8.2) and (8.3) imply
dU; = —a*Updt + aUpdWy,  dY; = —a?Ydt + aYdWs. (8.10)

Thus both shifted boundaries carry the same multiplicative stochastic state.

Proposition 2 (pathwise boundary-state relation). Under the one-Brownian boundary
dynamics,

UiYy, = YiUy, (8.11)
at every finite time almost surely. Whenever Y;, # 0,

Ur _ Ut

Y, v, (8.12)
Accordingly, the curve representation contains two economically distinct boundary coordinates,
but conditional on the initial boundary configuration the strict one-Brownian closure has only
one dynamically independent stochastic coordinate. If either shifted boundary begins at zero, it
remains there; otherwise its sign is preserved at every finite time.

Both components X; > zo and X; < z are invariant under (8.2); a single trajectory
cannot cross the equilibrium anchor. The positivity result below concerns the upper component
X > xoo. Empirical crossings would require a moving anchor, a regime transition, or a boundary
diffusion outside the strict closure studied here.

9 Positivity inherited from the Paper II Robin field

Paper II identifies the admissible Robin state region in which the fixed-long-boundary curve
remains positive. The stochastic-long-boundary extension does not require that classification to
be repeated when X; > x,. It is enough to compare the enlarged curve with the Paper II curve
while preserving the same Robin parameters and the same short-boundary state.
Let
Bgt ‘=nRr+ mRa2AR,t, ARt =1t — Too, (9.1)

be the repeated-root coefficient of the Paper II curve. Using (7.3) and (7.5), the coefficient (4.4)
in the enlarged field becomes
Dy = B, — a*(X; — 7o0). (9.2)



Thus the Robin law is preserved as X; changes: Dy is not held fixed, but adjusts by the explicit
amount —a?(X; — Zo,). No dependence on X; is absorbed into kg, 1g, Ap,; or the Paper II
policy anchor.

Substituting (9.2) into (3.2) gives

(75 X) = 2 (7)

+ (Xt — 20) {1 -1+ a27')67a27} , (9.3)
where ,
xf’H(T) = T + [rt — Too + Bg’tT] e v (9.4)

is exactly the corresponding Paper II Robin curve. Since e > 1+ z for z > 0,
1-(1+ (127')676#7- >0 (1 >0). (9.5)
Therefore, whenever X; > 2,
(1 Xy) > 2P (7) for every 7 > 0. (9.6)

Accordingly, positivity of the admissible Paper II Robin curve implies positivity of the stochastic-
long-boundary curve throughout the same admissible short-boundary state region. Together
with the sign preservation of X; — o, this positivity inheritance holds pathwise at every finite
time when Xy, > 2.

10 Covariance rank and boundary-state dimension
Under (8.1), every maturity is driven by the same Brownian increment. Therefore

Covy(dzf(m), dzf ()
dt

= Qt(11)Qt(72). (10.1)

The instantaneous maturity covariance kernel is rank one.

This establishes the central distinction between curve geometry and stochastic dimension.
The maturity representation contains two boundary coordinates, but Proposition 2 shows that
their shifted forms are pathwise proportional. Conditional on the initial boundary ratio, the
strict closure therefore has one dynamically independent stochastic state, one Brownian direction
and rank-one instantaneous covariance.

The earlier fixed-long-boundary theory is recovered by imposing

X; = 2o (10.2)

That restriction removes a state coordinate. It is stronger than merely requiring the state
covariance to be rank one.

11 Comparison to familiar families of term-structure construc-
tions

Classical one-state equilibrium models make the term structure a function of a single short-rate
diffusion and a fixed long-run parameter as is the case for the Vasicek model [3]. HJM instead
permits a stochastic forward-rate field driven by one or more Brownian motions, with no-arbitrage
determining the risk-neutral drift from the chosen volatility structure [4]. When a long-run level
is promoted to a stochastic state in related short-rate extensions, it is commonly counted as an
additional state factor.

10



The present construction occupies a different position. Within the UBFT repeated-root
Robin representation, a stochastic realised long boundary is introduced without increasing
Brownian dimension, and the coefficient compatibility required for that closure reproduces the
existing Paper II Robin manifold. This is the narrow novelty claim advanced here; no broader
claim of uniqueness among one-Brownian term-structure models is made.

12 Imperfect correlation as an extension

The cross-sectional representation (4.5) also permits a broader covariance specification with
dW] dW~ = pat, Ip| < 1. (12.1)

Then

dzlt = L(7)o,dW] + Lx(r)oxdW;~. (12.2)

(T) ’diffusion
Provided both amplitudes are non-zero and the two maturity loadings are non-collinear, this
produces a rank-two maturity covariance kernel. It collapses continuously to the one-field model
as p — 1 with common Brownian orientation.

This broader system is mathematically admissible as an extension of the boundary-state
representation. It should not, however, be presented as the necessary consequence of allowing
X;: to be stochastic. The one-Brownian Axiom-2 closure studied in this paper is the p = 1
common-field case established above.

A second empirical covariance direction may also arise from movement in the Robin law
itself, for example through time variation in kg, xp, or their effective affine combination. That
possibility is distinct from an independent long-end Brownian shock and should be tested
separately in empirical work.

13 Implications for the empirical programme

The strict one-Brownian closure yields two complementary empirical restrictions. First, condi-
tional on a locally stable Robin law, the shifted boundary series defined in (8.9) satisfy

U

X, oo constant (13.1)

over each interval on which the parameters and initial boundary configuration remain stable.
Equivalently, where both shifted series are non-zero, log|U;| — log | X — zo| is constant. Second,
fitted curve innovations obey the rank-one covariance kernel (10.1).

The pathwise proportionality restriction is a within-configuration statement. It applies on
intervals over which the Robin coefficients, the equilibrium anchor and the initial boundary
configuration may reasonably be treated as stable. Such intervals need not coincide with broad
monetary-policy regimes or with a small ex ante number of statistical branches. The present
theory does not itself provide a unique statistical rule for identifying those intervals.

A direct empirical sequence is nevertheless available. One first estimates r;, X; and the Robin
parameters from the curve, and then examines the trajectory of the boundary-law coordinates,
particularly kp and xp, for locally stable configurations. Only after those intervals have been
identified independently should one construct U; and test the local constancy of (13.1). One
may then test the rank of fitted curve innovations. Apparent rejection over a broad sample or a
coarsely defined branch may reflect movement in the Robin law, movement in ., changes in
the equilibrium configuration, measurement error, or aggregation across locally distinct branches,
rather than failure of the within-configuration proportionality result.

The empirical coordinates used in companion work remain useful, but their interpretation
changes. A near-rank-two Robin triangle need not mean that the short and long boundaries

11



are primitive independent factors. It may instead reflect one curve-field innovation together
with one boundary-law innovation. The parameters kr and xp are therefore natural candidate
coordinates for identifying changes in the boundary law, but whether they supply a reproducible
regime classification is an empirical question rather than a result established here.

14 Conclusion

The fixed realised long boundary in the earlier UBFT papers was embedded in a natural but
stronger-than-necessary cross-sectional ansatz. Because the maturity modes decayed around the
constant x, the realised infinite-maturity state was fixed there pathwise. The axioms identify
Too as the equilibrium long anchor, but do not themselves require that pathwise equality.

The minimally relaxed Robin field is

ol (1) = Xy + [re — Xo + Dyrle™, (14.1)

with D; determined by the mixed short-boundary law. The resulting curve is affine in the short
and long boundary coordinates. Applying Axiom 2 consistently shows that the one-Brownian
projection closes exactly at every maturity:

Gi(1) = Qu(7). (14.2)

The deterministic coefficient relation required by that identity is precisely the Paper II Robin
identification. No new equilibrium restriction is introduced.

Paper III therefore does not append a second Brownian factor to the earlier theory. It
removes an implicit boundary closure and then reapplies the original axiomatic machinery. The
resulting maturity representation has two economically distinct boundary coordinates, while the
strict Axiom-2 dynamics make their shifted forms pathwise proportional. Conditional on the
initial boundary configuration, the model therefore has one dynamically independent stochastic
coordinate, one Brownian innovation direction and rank-one instantaneous covariance. An
imperfect-correlation model remains available as a broader extension, but it is not required by
stochasticity of X; itself.
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Appendix A Finite rolling-interval Robin limit

At a final tradable rolling interval At > 0, write

af(7) = Xy + [re — Xy + Dyrle ™7 (A.1)
Then
R
8$t (T) = [Dt — (12(7} — Xt) — CLZDtAt]eiaQAt. (AQ)
or T=At
Imposing
ozl (r
apey (At) + Br (ST( ) =R (A.3)
T=At

and taking At | 0 yields (4.1) and (4.4).

12



Appendix B Residual in the coefficient match

With (6.9) and (6.10), the difference between the projected diffusion and the Axiom-2 kernel is

Gi(1) — Qu(1) = Te T <a2 — aR> TR XRTe +aD.]|. (B.1)
Br aPr
Thus G¢(7) = Q¢(7) for all 7 if and only if (6.11) holds.
Appendix C Fixed-7 and fixed-T forms
Let Z(t, 7) denote the rolling field, so that the fixed-calendar-maturity process is
afp =3, T —1). (C.1)
At fixed 7, (8.1) gives
dz(t,7) = —aQ(7)dt + Q¢ (7)dW,. (C.2)
For fixed T, dr = d(T — t) = —dt. Applying Itd’s formula to z(t,T — t) therefore yields
x(t
dafp = da(t, ) + axéT’ ™) 4r
o R
= o) = 25 e+ qutryaw (€3)

The coordinate transformation changes only the deterministic drift through the roll term. The
maturity diffusion remains Q;(7), so the one-Brownian coefficient matching is invariant to the
choice of fixed-7 or fixed-T coordinates.

Appendix D Infinite-maturity generator

For (8.2), the generator acting on a smooth test function ¢ is

(Ap)(X) = ~a*(X — a0} (X) + 5P (X — 00) 0" (X). (D.1)
Applying it to p(X) = (X — z)? gives
(AQ)(X) = ~a*(X — 2:0)’, (D.2)

which yields the stated second-moment decay.

Appendix E Normalization convention

The paper uses
dzfi(1) = —aQ(T)dt + Qu(7)dW. (E.1)

Equivalently, one may factor Q; = a; and write
dzf (1) = —a?Ky(7)dt + aky(T)dW,. (E.2)

The factor v/2 used in the Paper II MSNR convention belongs to its separate second-moment
noise-scale definition. It is not inserted into the Brownian coefficient.

13



Appendix F Risk-neutral compatibility

The main text concerns physical-measure axiomatic consistency. It does not establish a complete
arbitrage-free pricing model, prove the existence of an equivalent martingale measure, or derive the
admissibility of the infinite-maturity boundary under that measure. Under an equivalent pricing
measure, the maturity volatility would retain the boundary loading up to measure-consistent
parameterisation, while the no-arbitrage drift would be determined by the corresponding HJM
restriction. This appendix therefore records the intended pricing interface rather than a complete
risk-neutral compatibility theorem.
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