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Abstract

This paper extends the instantaneous rolling forward-rate (IRFR) framework
developed in Paper I [1] from a free or Neumann short-boundary to fixed and mixed
short-boundary conditions. The purpose is to examine how alternative short-end
boundary conditions may represent monetary-policy intervention and determine the
way in which stochastic movements are transmitted across the interest-rate curve.

The two limiting cases are the Neumann, or free, short-boundary and the
Dirichlet, or pinned, short-boundary. Under a free or Neumann short-boundary,
stochastic variation may enter directly through the short-boundary level. Under a
pinned or Dirichlet short-boundary, the short-boundary value cannot itself remain
stochastic. On the special repeated-root branch, where the cross-sectional and
stochastic clocks coincide, stochasticity instead enters through the coefficient of the

maturity loading
2

Te DT,
This loading is zero at the pinned boundary but positive at interior maturities. The
resulting construction therefore produces zero short-boundary volatility, positive
stochastic exposure within the curve, a rank-one covariance structure and an en-
dogenous volatility hump. The linear-exponential maturity form also provides a
structural explanation for volatility specifications that have previously been intro-
duced for empirical reasons in the term-structure literature, including the class
associated with Ritchken and Chuang [2].

The paper then introduces the Robin, or mixed, short-boundary as the practically
relevant case between the free or Neumann and pinned or Dirichlet extremes. The
Robin construction combines the Neumann or free boundary-level mode
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with the Dirichlet or pinned boundary-slope mode

Te R

Although two maturity basis functions are present, the mixed or Robin boundary
condition places their coeflicients on a one-dimensional affine manifold. The model
therefore remains one-factor: the boundary level and boundary slope are not separate
stochastic factors.

The derivation is organised in two stages. First, the boundary representation
establishes the admissible cross-sectional geometry without fixing the equilibrium
coefficient. Second, the affine Kolmogorov forward closure, equilibrium moment
transport, positivity and boundary degeneracy identify the state dynamics, stationary
variance, factor relations and globally constant within-regime Market Signal-to-Noise
Ratio (MSNR).

The resulting Neumann-Dirichlet-Robin classification provides a foundation for
investigating how the boundary-state framework, its equilibrium conditions and its
maturity geometry may change when additional boundary quantities are allowed to
vary stochastically.
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1 Introduction

The short end of an interest-rate term structure is economically and mathematically
different from the interior of the maturity domain. Under a free, or Neumann, short-
boundary condition, stochastic variation may enter directly through the instantaneous
boundary level. Under a fixed, or Dirichlet, short-boundary condition, it cannot: once the
final rolling rate is pinned, the boundary level has zero stochastic variation, so uncertainty
must migrate into an interior shape coordinate.

This paper develops that migration as a boundary-classification result within the Unified
Boundary Field Theory of instantaneous rolling forward rates (IRFRs). Paper I [1]
derived the affine Kolmogorov forward structure, rolling-maturity transport and one-
factor exponential maturity clock under a free, or Neumann-type, short boundary. The
present paper first asks what changes when the short boundary is fixed and then extends



the analysis to a boundary that is only partially anchored. The resulting classification
also provides a foundation for investigating extensions in which the fixed-long-boundary
assumption is relaxed and the consistency of a stochastic realised long endpoint with the
equilibrium and maturity-loading restrictions is examined.

The central conclusion goes beyond the observation that the Dirichlet curve contains a
linear-exponential term. The boundary condition determines which observable is able to
carry stochasticity. Under a free, or Neumann, short boundary, the stochastic state is the
boundary level. Under a fixed, or Dirichlet, short boundary, the stochastic state is the
boundary slope, equivalently represented by the repeated-root coefficient. Under a mixed,
or Robin, short boundary, the level and slope coordinates satisfy one affine relation and
therefore span a one-dimensional stochastic manifold.

The economically meaningful boundary is first imposed at the final tradable rolling interval
7 = At. The formal condition at 7 = 0 is obtained only in the continuous-time limit
At | 0. This distinction matters for both the Dirichlet and Robin constructions. It
also prevents the rolling boundary condition from being confused with a fixed-maturity
stationarity condition.

The paper makes five contributions. First, it derives a representation theorem for a fixed
short boundary on the repeated-root branch and explains why Te %" is the natural
stochastic maturity mode when the short-boundary value is pinned. Second, it sepa-
rates the general boundary geometry from the subsequent identification of a particular
equilibrium coefficient and state stochastic differential equation. Third, it derives zero
short-boundary variance, rank-one interior covariance and the maturity location of the
volatility hump. Fourth, it constructs the Robin condition as an affine synthesis of the
Neumann boundary-level mode and the Dirichlet boundary-slope mode, while retaining
only one stochastic factor. Fifth, under the identified affine closure, it derives stationary
variances, factor relations, positivity calibrations and a globally constant within-regime
Market Signal-to-Noise Ratio (MSNR) for both the Dirichlet and Robin cases, in direct
analogy with the Neumann result in Paper I [1].

The paper is organised as follows:

e Section 2 states the axioms and the final-rolling-boundary convention.
e Section 3 introduces the admissible repeated-root branch.
e Section 4 develops the Dirichlet representation and its identified affine dynamics.

e Section 5 develops the Robin construction as the affine synthesis of Neumann and
Dirichlet modes.

e Sections 6 and 7 compare the boundary regimes and summarise the principal results.

e Sections 8 and 9 explain the bridge to a stochastic long boundary and distinguish
the representation results from the subsequent identification layer.



2 Axioms and the final rolling boundary

Paper I [1] presents a fuller discussion of the axiomatic approach to the IRFR curve,
specifically for the Neumann, or free, short-boundary case. This subsection recaps the
axioms in a form that is more readily applicable to Dirichlet, or pinned, and Robin, or
mixed, short-boundary constructions.

2.1 Axiom 1: adherence to the Kolmogorov forward equation

The drift and diffusion coefficients must define a process for an IRFR whose transition
density adheres to the Kolmogorov forward equation (KFE). The affine coefficient family
used below is an admissible KFE closure. No claim of uniqueness is required for the
boundary representation results.

2.2 Axiom 2: rolling coordinate consistency
The rolling primitive (IRFR) must be invariant under a change of maturity coordinate.
In the affine construction, drift and diffusion share the same maturity and state kernel, so

that their ratio is independent of maturity. This permits a one-dimensional stochastic
state to generate an entire cross-section.

2.3 Axiom 3: equilibrium rolling stationarity

Equilibrium stationarity is a rolling condition. For the relevant moments,

0 0
aE[Z‘?T] = _a_TE[IZT} : (2.3.1)

To avoid confusion, we note that it is not the fixed-maturity condition

0

EE[JJ?’T} =0. (2.3.2)
Because
T=T—1t, (2.3.3)
we have, at fixed calendar time,
0 0
— == 2.3.4
or  or’ ( )
whereas at fixed maturity date,
0 0
—=—— 2.3.5
ot or ( )

The deterministic maturity-roll contribution must therefore be retained when the fixed-T'
stochastic differential is calculated.



Within the affine closure, Axiom 3 gives the coefficient relation for the drift term, f,

102,(T —t)

f(@,6,T) = a(z — (T — t)) + o

: (2.3.6)

up to the overall sign convention used for the KFE coefficients.

2.4 Axiom 4: positivity and boundary degeneracy

The admissible state space must keep the cross-sectional curve non-negative. At a state
at which the curve reaches its positive boundary, the diffusion coefficient must vanish so
that the process does not diffuse out of the admissible domain.

2.5 The boundary is first imposed at 7 = At

The economically meaningful lower maturity is the final tradable rolling interval At > 0.
A short-boundary condition is therefore first imposed at

T = At (2.5.1)

not directly at the formal point 7 = 0. The continuous-time boundary is obtained only
after taking

At ] 0. (2.5.2)
For Dirichlet,
P (At) = zp, (2.5.3)
and consequently
lim 2P (At) = 22(0) = xp. (2.5.4)

AtL0

For Robin, the mixed level-slope condition is likewise imposed at 7 = At before the
continuous-time limit is taken.

3 Admissible repeated-root cross-sectional branch

3.1 Repeated-root solution space

Consider the repeated-root maturity equation

(a% + a2)2 [2:(7) — 2] = 0. (3.1.1)

Its general solution is

2y(T) = Too + [Ar + Byr] e (3.1.2)




The two maturity functions are
e T and  Te “7. (3.1.3)

This is the admissible r = 1 repeated-root branch, using the notation of Paper I [1],
arising when the cross-sectional and calendar-time clocks coincide. It is not asserted to
be the unique affine cross-sectional solution. Its importance is that it contains both the
boundary-level mode and a mode that vanishes at the short-boundary.

The short-boundary value and ordinary short-boundary slope are

and Dy()
%’*: _=Bi- aA,. (3.1.5)

respectively. Thus A, is the boundary-level coordinate, while B, is the transport-adjusted
boundary-slope coefficient. The ordinary slope is B, — a?A,.

4 Dirichlet boundary construction

4.1 Exact finite-At representation

Begin with

2P(7) = Too + [Apy + Bpyr] e 0. (4.1.1)

Impose the final-period Dirichlet condition

P (At) = zp. (4.1.2)
Then
Too + [Ap s + Bp At] e A = zp, (4.1.3)
SO
Aps + Bp At = (zp — x00)e DA, (4.1.4)
and therefore
ADﬂg = (ZL’D — JIOO)GQQDAt - BD7tAt. (415)

The exact finite-At cross-section is

D

2P (7) = Zoo + | (2D — oo )™

(4.1.6)
+ BD#/ (T — At) eiaQDT.

At 7 = At the Bp, term vanishes and the boundary value is exactly xp.



Taking At | 0 gives

2P (1) = Too + [¥D — Too + Bpy7] €7 (4.1.7)

The coefficient of the pure exponential is fixed by the boundary. The remaining stochastic
degree of freedom is Bp .

4.2 The boundary slope and the remaining stochastic coefficient

At finite At,
a D
2 (7) = BD7t€_a2DAt — a5 (rp — Too). (4.2.1)
or T=At
In the continuous-time limit,
ozl (r
é( ) = Bp; — ah(Tp — Too). (4.2.2)
T =0

The boundary condition has already fixed the coefficient of the pure exponential at
Tp — Too. (4.2.3)

The only remaining stochastic coefficient is therefore Bp;. The ordinary boundary slope
is not introduced as a new symbol; throughout the paper it is retained explicitly as

Bp; — ah(zp — Too). (4.2.4)
The continuous-time Dirichlet curve remains
2P(7) = oo + [#D — Zoo + Bpyr] e 7. (4.2.5)
This gives the fundamental state-coordinate result:

wP(0)=2p = daP(0)=0, while Bp; remains stochastic. (4.2.6)

4.3 General equilibrium coefficient
The equilibrium coefficient must initially be kept general. Define

E[Bp:| = Bj,. (4.3.1)
The corresponding equilibrium boundary slope is written in full as

B, — ah(rp — 7o), (4.3.2)



The general equilibrium curve is
TH(7) = Too + [Tp — Too + Br] D7 (4.3.3)

The realised curve relative to equilibrium is

2

xP (1) = 2% (7) + (Bpy — BS)Te 0", (4.3.4)
No equilibrium convention has yet been imposed. In particular,
B% =0 (4.3.5)
removes the repeated-root term from the equilibrium curve, whereas
BS, — a3 (rp — 7o) =0 (4.3.6)

makes the ordinary equilibrium boundary slope zero. These are different restrictions.

4.4 Axiom 2: rolling affine consistency

The stochastic displacement between the realised and equilibrium curves is

2

(Bp, — BS)re™ ", (4.4.1)

An affine KFE drift and diffusion may share the same state and maturity kernel. Their
ratio is then maturity invariant. This establishes admissibility under Axiom 2 without
identifying the numerical value of Bf,.

The final-period rolling difference is, to first order,
xp (At) —xp = [Bpy — ah(xp — o) | At + O((AL)?), (4.4.2)

when the continuous boundary representation is evaluated one rolling interval away from
the boundary. Thus the ordinary short-boundary slope is the instantaneous final-period
rolling coordinate.

4.5 Axiom 3: first moment

Differentiate the general equilibrium curve:

9y (7)

T = [Bf, — a})(zp — 7o) — a}, BHT] €D (4.5.1)

The affine equilibrium coefficient relation for the drift term, f, is

1 Oz (T —t)

Jo(@,t,T) = ap(z = 2p(T = 1) + ——7

(4.5.2)



This relation retains the general equilibrium coefficient Bf,. Axiom 3 requires the mean
state coordinate to be calendar-time invariant at equilibrium:

d d
EE[BD,t] =0, EE[BM —a%(rp — Ts0)] = 0. (4.5.3)

It does not, from the representation alone, select either B, = 0 or B, — a%)(zp — Ts) = 0.

4.6 Axiom 3: variance and rank-one covariance

The deviation from equilibrium is
P (1) — 25)(r) = (Bp, — Bf)re b7 (4.6.1)

Consequently,
Var(z) (7)) = Var(BDJ)TZe_Q“%T. (4.6.2)

At the continuous short-boundary,
Var(z;(0)) = 0. (4.6.3)

For positive maturity, the variance is positive whenever Var(Bp ;) > 0.

For two maturities,
Cov(z (1), 2. (12)) = Var(BD7t)7—17—2€_a2D(TI+T2). (4.6.4)

The covariance kernel is rank one.

The standard-deviation loading is

Te D7, (4.6.5)
Its derivative is
(1—ahr)e s, (4.6.6)
so its maximum occurs at ]
T = e (4.6.7)

The interior volatility hump therefore follows from the boundary geometry and does not
require a second stochastic factor.

Axiom 3 for the second moment requires

d
r Var(Bp.) =0 (4.6.8)

at equilibrium, after the deterministic maturity-roll term is retained in the fixed-T'
differential.



4.7 Axiom 4: general positivity condition

For a realised coefficient Bp,

D

2 (T) = Too + [Tp — Too + Bp 7] e~ 9DT

The maturity derivative is

oxP (1)
or

2 2 -
= [BD,t —ap(Tp — Too) — CLDBD7tT] e

An interior stationary point satisfies

Tp — To
TDy* = 5 = .
ap BDt
At that point,
82$D(T) 2
t 2 —aHTD «
W = _aDBD7te b b ‘
T=TD,*

It is a minimum when Bp; < 0. The value at the stationary point is

B
2P (Tpa) = Too + % exp

[_1 N a%(rp — Too)
D

Bp,

The lower admissible state is defined by
l’tD (T D,*) =0.

Solving gives
ap(rp — 2)

BDJnin - - .
Ip — To
()

€ Too

where W is the principal branch of the Lambert function.

Thus positivity requires
Bpt > Bp min-

2
G/DT‘

(4.7.1)

(4.7.2)

(4.7.3)

(4.7.4)

(4.7.5)

(4.7.6)

(4.7.7)

(4.7.8)

Axiom 4 further requires the diffusion of the state coordinate to vanish at Bp pi,. This

geometric result does not yet determine Bf,.

4.8 Identified Dirichlet affine dynamics

The representation theorem leaves the equilibrium coefficient BY, general. The affine KFE
closure, Axiom 2, Axiom 3 and Axiom 4 now identify a particular admissible dynamics.

Axiom 3 gives
1 0x(T —t
folz,t,T) = aD(a: —xH(T — t)) + = D(8 )

10

(4.8.1)



Axiom 2 requires drift and diffusion to share the same state and maturity kernel. Axiom
4 requires that kernel to vanish at the lower admissible state. On the identified Dirichlet
branch this gives

Bp min = 2B}, (4.8.2)

and the state process
dBp; = a5, (B% — Bp)dt + ap(2B% — Bp) dW;. (4.8.3)

The diffusion vanishes when Bp; = Bp min = 2B,

The recurring factor of two. The relation
BD,min = 2B€D (484)

is the same affine stationarity mechanism that appears in the Neumann case. Consider a
generic one-dimensional affine boundary state Y; with equilibrium mean V¢ and dynamics

dY; = a*(Y¢ = Y;) dt + a(Yiary — Vi) AW (4.8.5)
At equilibrium, the second-moment equation gives
Var(Yy) = (Yoary — Y°)?, (4.8.6)

so that
Var(Y;) = ]dery Y. (4.8.7)

For this generic affine state, the equilibrium signal and noise scales are proportional to

a’y¢ and  V2a|Yiay — Y, (4.8.8)
respectively. Hence
alYe|
IMSNR| = . (4.8.9)
\/§ |dery - Ye|
Requiring the one-factor value "
MSNR| = — 4.8.10
| | 7 ( )
gives
Y| = [Yoary — Y| (4.8.11)
On the Dirichlet branch, where Yy4r, < Y¢ < 0, this becomes
Y =Y°— Yoy, (4.8.12)
and therefore
Yoary = 2Y°. (4.8.13)

11



The Neumann and Dirichlet factors of two therefore arise from the same affine boundary-
degenerate state closure, with the relevant sign determined by the orientation of the
admissible state domain.

Robin modifies this relation because its level and slope coefficients are linked by the mixed
boundary condition, giving instead

2—|—IiR e

ARbdry = mz‘lg (4.8.14)

The Neumann factor of two is recovered at Kz = 0.

The stochastic displacement loading in the Dirichlet regime is already

_ 2
Te “DT,

which vanishes at the fixed short boundary. To implement the common-kernel restriction
in the abbreviated boundary derivation, the equilibrium expected-return loading must be
proportional to this same maturity function. Its constant term must therefore vanish:

B, —a(xp — 1) = 0.
Hence
B, = ah(rp — Ts).

Equivalently, the equilibrium ordinary short-boundary slope is zero, and the equilibrium
expected final-period roll has no first-order term in the remaining maturity.

4.9 Dirichlet stationary variance and Axiom 3
Let

Var(Bp:) = Vp. (4.9.1)
For the identified state process,

0=2 COV(BD,t, a3, (BY, — BD,t)) + E[a%(QBeD - BD,t)ﬂ

4.9.2
= —2a}Vp +a)((BH)* + Vb). ( )

Hence
Var(Bp,) = (B%)*. (4.9.3)

Because the full boundary-slope expression Bp; — a%(xp — ) differs from Bp; only by
a constant,

Var(Bp,) = (B%)*. (4.9.4)

The cross-sectional equilibrium variance is therefore

Var(z (1)) = (BS)2r2e 247 (4.9.5)

12



Since the equilibrium variance of the state is calendar-time invariant,

0 0
5 Var(z,p) = ~ BT Var(z,r) . (4.9.6)
Explicitly,
8 e —2a2. (T—
~ o7 Var(z(p) = —2(BH)A(T — t)[1 — ap(T — t)] e 20T, (4.9.7)

The same expression is obtained from the full fixed-T" It6 differential once the deterministic
maturity-roll term is retained. This is not the condition d; Var = 0 at fixed T.

4.10 Dirichlet positivity calibration

Combining
Bpmin = 205 (2p — Too) (4.10.1)

with the zero-touch positivity boundary

Bpmin = — (4.10.2)
Tp — Too
()
€ Too
gives
Ip — Too 1
Wo| —— | = —=. 4.10.3
0( € Too ) 2 ( )
where W is the principal branch of the Lambert function. Therefore
D \/E
—=1- = 4.10.4
. 5 ( )
and .
D
Too = : (4.10.5)
1=
The equilibrium coefficient may then be written directly in terms of the imposed Dirichlet
level: e
. e
Bp = -5~ NG ahTp. (4.10.6)

4.11 Dirichlet Market Signal-to-Noise Ratio invariance

At equilibrium, the instantaneous expected market-signal scale is

a B (T — t)e (T, (4.11.1)

13



The corresponding instantaneous noise scale is
V2ap |BH(T — t)e dTH| | 4.11.2
D

The signal and noise therefore share the same maturity loading. With a consistent sign
convention,

ap
MSNRp = —. 4.11.3
2 (1113)
The Dirichlet Market Signal-to-Noise Ratio is independent of maturity and, under equi-
librium stationarity, calendar time. At T = t, both the expected market signal and the
instantaneous noise scale vanish; the same ratio is obtained by continuous extension from

positive maturity.

5 Robin boundary construction

5.1 Robin Ansatz from the mixed Neumann and Dirichlet modes

The Robin cross-section begins from the same repeated-root branch:

7{(T) = Too + [Apy + Bryt] e "w". (5.1.1)

The term
Ape "R (5.1.2)

is the Neumann boundary-level mode. The term
BR,tTe_“%T (5.1.3)

is the Dirichlet boundary-slope mode. Robin is therefore introduced as the mixed boundary
case obtained by coupling the two admissible modes.

At the continuous boundary,

2{(0) = oo + Agy, (5.1.4)
and ok (
xt (T
ér ) = Bry — ARy (5.1.5)

7=0
Thus Ag, is the boundary-level coordinate and Br; — a%Ag; is the ordinary boundary-
slope coordinate.

14



5.2 Finite-At Robin condition

The mixed boundary condition is first imposed at the final rolling interval:

oxk(r
arrl(At) 4 Br % = YR (5.2.1)
g T=At
Now
2l (AL) = 2o + [Agy + BroAt] e %04, (5.2.2)
and R
Ty (T) — [BR,t _ G%AR,t _ G%BR’tAt} e*a%At. (523>
or T=At
Therefore,
ORT o
—a% At 2 2 (524)
t+e n [@RAR,t + arBr At + BrBri — BrRaR AR — 5RCLRBR¢At} = Vg
Taking At | 0 gives
OéR(JTOO + AR,t) + 5R(BR,t — CL%ARyt) = VYR (525)
Equivalently,
BrBr: + (ar — Brajp) ARt = TR — ORTeo. (5.2.6)

This is one affine relation between the two boundary coordinates. It leaves one stochastic
degree of freedom.

If Br # 0, then

— _ 2
Bp, = 18— 2t QR 5R“RAR¢. (5.2.7)

Br Br

This is the general one-factor affine line in the coefficient plane (Ag,, Br¢). It need not
pass through the origin.

5.3 Robin curve with one stochastic coordinate

Substituting the affine boundary relation into the cross-section gives

xf(T) =T + TR~ Ao —B@R%o Te ORT
f o — B 2 (5.3.1)
Br

Every maturity is an affine function of the single stochastic state Ag;. The presence of
both maturity basis functions does not imply two stochastic factors.

15



5.4 General Robin equilibrium

Define
E[Ag.] = A%. (5.4.1)

The equilibrium value of Bg; is then

2
YR — QRT Qg — BRrajp

B¢ = — AS. 5.4.2
R Br Br R ( )

The general equilibrium curve is
T5(T) = Too + [AG + By e . (5.4.3)

The realised deviation is
R e _ e aRr — BRGJ%{ —a2 T
2, (1) — wR(7) = (Ary — AR) |1 - 6—7- e “RT, (5.4.4)
R

Again, the equilibrium mean is kept general until the axioms and any additional closure
conditions identify it.

5.5 Axiom 2: Robin rolling consistency

The stochastic maturity loading is

{1 QR _BﬁRa%zT} o ORT (5.5.1)
R

An affine drift and diffusion may share this full loading and the same affine state kernel.
Their ratio is then maturity invariant, satisfying Axiom 2. The Robin boundary condition
has reduced the two coefficient coordinates to a one-dimensional affine manifold.

5.6 Axiom 3: Robin first moment

Differentiate the general equilibrium curve:

O (7)
aT

= [B}, — a} A5 — af, By e (5.6.1)

The affine equilibrium coefficient relation for the drift term, f, is

. 1 0x%(T —t)
fR(.%,t,T) = CLR(Z' — xR(T — t)) + Ea—T (562)
Axiom 3 requires
d d
EE[AR¢] - O, EE[BR,t] = 0. (563)

16



Because Bpr is an affine function of Ag,, these are the same one-dimensional stationarity
restriction.

5.7 Axiom 3: Robin variance and covariance rank

From the realised deviation,

2
Var (2;°(1)) = Var(Ag,) {1 — OKR_’#MT} e~ 20RT, (5.7.1)
R

For two maturities,
Cov (:cf(ﬁ), :ctR(Tg))

— Brai — Bra? 7.2
= Var(AR’t> 1— OV/R—BRCLRTI:| |:1 B apR BRCLRT2:| e_a‘2R(Tl+T2)' (5 7 )
BR BR

The covariance kernel remains rank one.

Axiom 3 for the second moment requires

d
- Var(Ag,) = 0. (5.7.3)

Because Bp, is affine in Ag,, its variance and covariance with Ag; are then also stationary.

5.8 Axiom 4: Robin positivity and boundary degeneracy

The Robin curve is
2f(7) = Too + [ARys + Bryt] e ", (5.8.1)

with Bpr, constrained by

2
YR — QRTsc QR — PBrag

Bri = Apy. 5.8.2
Br Br ( )

For a given state Ag;, the maturity derivative is

OxE(r a2
) _ By, ah Ay — a3 Brr] (553
An interior stationary maturity satisfies
Bri —a%A

Thae = —g (5.8.4)

2
G/RBR,t

provided Br; # 0. Axiom 4 defines the admissible state boundary by requiring that the
minimum value of the curve is non-negative and that the state diffusion vanish when the
minimum touches zero. Because Bp; is already an affine function of Ag,, this condition

17



identifies one boundary value of the single state rather than introducing a second factor.

5.9 Identified Robin affine coefficient manifold

The mixed boundary relation leaves one stochastic degree of freedom. Write the resulting
affine line as
Bry = nr + krajAny, (5.9.1)

where kg is the Robin boundary-coupling parameter and 7y is a deterministic intercept.
This is not an additional factor: Br, remains an affine function of the single state Ag;.

Maturity-invariant MSNR requires the equilibrium expected-return loading to be propor-
tional to the stochastic loading

(1 + kpa%r) e "7 (5.9.2)

Matching the constant and linear terms in 7 gives

2

K
M= 7 meagA;, kg # —1. (5.9.3)
Consequently, ,
K e
Bry = —ﬁa% rT %RG%ARﬂg. (5.9.4)

The completed one-factor Robin curve is

2
R KR

T (T) = Too — a%AETe’“?%T

1+ kg (5.9.5)
+ Apy (1 + /{Rafﬂ') e Ok

The Robin boundary coefficients and the mixing parameter must also satisfy the continuous-
boundary cancellation
ar + Brak(kg — 1) = 0. (5.9.6)

This keeps x, fixed and makes the expected-return and volatility loadings proportional
at every maturity.

5.10 Identified Robin state dynamics and stationary variance

Let AR pary denote the Axiom 4 state boundary. The affine state dynamics are
dAR,t = a%(A% — ARﬂg) dt + aR<AR,bdry — AR,t) th (5101)
The stationary second-moment equation is

0 =2Cov(Agy, ah(AG — Ary)) + E[af(Arpary — Are)?] - (5.10.2)

18



It gives
Var(AR,t) = (AR,bdry - A%)Q- (5103)

Therefore

2 _

Var(2;(7)) = (Arpary — A%)* (1 + kraf7) e 2057, (5.10.4)

Since the state variance is calendar-time invariant at equilibrium,

0 0
5% Var(z{) = ~a7 Var(:va) . (5.10.5)

The equality again refers to the full rolling derivative, including the deterministic maturity
roll.

5.11 Robin factor relation and Market Signal-to-Noise Ratio
invariance

The equilibrium instantaneous expected market-signal scale is

aj A%
14+ kg

(14 rpa%(T — 1)) e %= T0), (5.11.1)

The corresponding instantaneous noise scale is

\/§GR|AR,bdry - Ai‘{|

(5.11.2)
X |1+ kpag(T — )] e~ R(T—1),

The common maturity loading cancels. The Robin Market Signal-to-Noise Ratio is
therefore

CLRA%
\/5(1 + /{R)|AR,bdry - A%| ’

up to the common sign convention. On the branch continuous with the Neumann result,

MSNRy = (5.11.3)

take 1+ kg > 0, equivalently kg > —1. Requiring the universal one-factor value

aR
MSNRi = — 5.11.4
e (511.4)
then gives
2+ kg
Arpbary = —A%. 5.11.5
Rbdry = 77 AR ( )

Thus the Neumann factor of two is replaced by the Robin factor

ARppdry 2+ KR

= . 5.11.6
AeR 1+/€R ( )

For kr = 0, this reduces to Agpary = 24%.
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If the relevant positivity boundary is the zero short-boundary level, then
ARbdry = —Too- (5.11.7)

Since the equilibrium short-boundary value is

Th = Too + A, (5.11.8)
the Robin factor relation gives
1 —|— KRR
Af = ——x 5.11.9
R 2+ KRx ( )
and hence . .
R (5.11.10)

Too 2+ Kp
This last ratio is conditional on the Axiom 4 boundary being attained at the short-
boundary level. If positivity is first lost at an interior maturity, the corresponding interior
zero-touch condition must be used instead.

The Market Signal-to-Noise Ratio is globally constant across all maturities for which the
Robin loading is non-zero. At a maturity where the loading itself vanishes, both signal
and noise vanish and the same MSNR is defined by continuous extension.

5.12 Completed Robin moments and monetary-policy interpre-
tation

The identified Robin construction may now be summarised through its realised cross-
sectional curve, its equilibrium expectation and its stationary variance.

First, the realised one-factor Robin curve is

2
R KR 2 Ae
T,(T) = Too — ——a Te
0 () 1+rg ©F (5.12.1)

+ Apy (1 + /iRa?%T) eTORT

_n2
CLR’T

The realised cross-section is therefore generated by the single stochastic boundary state
Apy. The repeated-root coefficient is an affine function of that state and does not
constitute a second stochastic factor.

Second, since
E[Ar.] = Af, (5.12.2)

)
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the equilibrium expected curve is

2
K 2
E[zf(7)] = 200 — —E—a% A% Te "7
2 (7)] 1+rg T (5.12.3)
+ A% (1 + kpayT) e
At the short boundary this gives
Th = Too + Af, (5.12.4)
and, when the Axiom 4 boundary is attained at the short-boundary level,
Th 1
= ) 5.12.5
Too 24+ Kp ( )
Third, the stationary cross-sectional variance is
R Ag ’ 2. \2 _—2a%7
Var (z;'(1)) = (1+ kpafkr)” e 20" (5.12.6)
14+ kg

Thus the expected curve and its stochastic variation are transmitted through related linear-
exponential maturity loadings. Following substitution of the identified boundary relation,
the stationary variance is determined entirely by A%, kg and ag. The Robin boundary
retains a rank-one covariance structure because all maturities are affine projections of one
stochastic state.

Among the three short-boundary regimes considered in this paper, the Robin construction
provides the most flexible and potentially most realistic representation of how monetary-
policy intervention may affect the short end of the interest-rate curve. The Neumann
model permits the short-boundary level to move freely, while the Dirichlet model imposes
a fully pinned boundary level. The Robin condition lies between these limiting cases: it
allows central-bank, monetary policy, intervention to be represented by an affine relation
between the short-boundary level and its local maturity slope.

The parameter kg governs how the single stochastic short-boundary state is transmitted
between the boundary-level and boundary-slope maturity modes. When sz = 0, stochastic
exposure is carried by the ordinary exponential boundary-level loading

e (5.12.7)
As kg departs from zero, the repeated-root contribution
2 —a3T
KrapTe R (5.12.8)

changes the maturity geometry through which the short-boundary state is propagated into
the interior of the curve. The parameter should therefore be interpreted as a boundary-
response parameter rather than as a second factor or a literal percentage weight.
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The Robin construction should not, however, be interpreted as a complete description of
central-bank policy in every circumstance. Monetary-policy implementation may change
across time, instruments and institutional regimes, and may involve balance-sheet policies,
market expectations, liquidity conditions and other channels that are not represented by
a single mixed short-boundary condition. The model instead provides a local boundary-
coordinate description of periods during which the relation between the short-rate level
and the local curve slope is sufficiently stable to be approximated by a Robin regime.

This interpretation gives the model a direct empirical counterpart. Observed yield-curve
data may be divided into candidate local regimes within which the Robin boundary
relation and its parameters are approximately stable. For each such regime, the fitted
cross-sectional mean, maturity-variance loading, covariance rank and Market Signal-to-
Noise Ratio invariance can be compared with the theoretical restrictions derived above.
Robustness may then be assessed both within the identified regimes and in blind or
out-of-sample periods that were not used to determine the regime classification.

5.13 Connection with the coefficient-selection form
The empirical coefficient-selection form is often written as
(c1 + cam)e ™. (5.13.1)

The Robin derivation shows why a curve of this form can remain one-factor. The two
coefficients are not independent stochastic states. The mixed boundary condition imposes

BrBr: + (ar — Bra%) ARt = TR — ARTo0, (5.13.2)

so the admissible stochastic coefficients lie on a one-dimensional affine line. The empirical
basis is retained, but the coefficient freedom is restricted by the boundary geometry.
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6 Dirichlet—Robin comparison

6.1 Comparison of the identified boundary regimes

Property

Dirichlet

Robin

Final rolling condition

Continuous boundary

Stochastic coordinate

Maturity basis

Boundary variance

Covariance rank

Equilibrium mean

Positivity

Fixed level at 7 = At

2P (0) = zp

Boundary slope or
repeated-root coefficient

T7e~%7 for stochastic
displacement

Zero at the fixed boundary

One

Kept general until
identified

Lower boundary for Bp,

Mixed level-slope condition
at 7 = At

arz(0) + BrO;zH(0) = vr
One afline combination of

boundary level and slope

. . _ 42
Combination of e %rT and

)
Te “rT

Determined by the mixed
boundary loading

One

Kept general until
identified

Lower boundary for the one
affine Robin state

7 Principal results

7.1 Summary of the principal identified results

The fixed-boundary representation theorem is

D

T (T) = Too + [mD—xoo

42
+ BD7t7'i|6 T,

Relative to a general equilibrium slope,

Therefore the boundary variance is zero, the interior covariance kernel has rank one, and

(1) =25 (1) + (Bps — Bp)Te “p7.

the standard-deviation loading reaches its maximum at

T=1/d%.
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The mixed-boundary Robin representation is

7{(7) = Too + [Apy + Bryt] e %", (7.1.4)
subject to
BrBry + (ar — BrAR) ARt = TR — ORTo0. (7.1.5)

The Robin boundary condition therefore converts the two maturity coefficients into one
stochastic affine state. Neumann and Dirichlet modes are both present, but the covariance
remains rank one.

The paper’s central classification is
Neumann: stochastic boundary level,

Dirichlet: fixed boundary level and stochastic boundary slope, (7.1.6)

Robin: one affine coupling of boundary level and slope.

8 Bridge to the stochastic long-boundary model

8.1 Relaxing the fixed long-boundary condition
The fixed-long-boundary Robin construction derived in this paper may be written in the
policy-anchor form

xf(T) =(1+ wRT)e’“%Txft — wrTe ¢

+ (1 — e_a%7> Too,

2
p
Rl'D

(8.1.1)

where the repeated-root coefficient is determined by the mixed short-boundary condition
rather than introduced as a second stochastic state. The three maturity weights add to
one:

(14 wgT)e "™ — wrre R + (1 - e_“%7> = 1. (8.1.2)

A natural extension of the present analysis is to investigate how the boundary construction
changes when the realised long endpoint is allowed to vary stochastically. In the current
paper, the fixed long level (z.,), the equilibrium conditions and the maturity weightings
are derived jointly. Promoting the long endpoint to a stochastic boundary state therefore
cannot, without further analysis, be treated as a simple substitution of (X;) for (z.)
while leaving the existing maturity weights unchanged.

A sequel can examine whether a stochastic long boundary can be incorporated while
retaining an appropriate form of the short-boundary geometry derived here. This requires
reconsidering the equilibrium interpretation, the maturity loadings and the restrictions
determining the repeated-root coefficient. The intended extension is therefore best
understood as an enlargement of the boundary-state framework, rather than as the
mechanical addition of a second factor to the present solution.
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The deterministic policy anchor (zp) will remain conceptually distinct from any realised
stochastic long-boundary state. Whether the resulting system has one or more independent
stochastic directions, and how those directions enter the maturity field, will depend on
the boundary and consistency conditions derived in the extended model.

9 Representation and identification layers

9.1 Separation of geometry from affine identification

The paper now distinguishes, but includes, both levels of result. The representation layer
establishes the repeated-root Dirichlet and mixed Robin geometries without prematurely
selecting an equilibrium coefficient. The identification layer then applies the affine KFE
closure, Axiom 2, Axiom 3, Axiom 4 and maturity-invariant Market Signal-to-Noise Ratio
to obtain the state SDEs, stationary variances, positivity calibrations and factor relations.

Scope of identification. The boundary representation results do not uniquely determine
the state dynamics. The identified Dirichlet and Robin processes are obtained within the
affine boundary-degenerate subclass by additionally imposing rolling moment stationarity,
proportional drift and diffusion maturity loadings, positivity and the within-regime MSNR
condition. Other stochastic closures may be compatible with the same cross-sectional
boundary representation. The results below are therefore identification results within the
stated affine subclass, not uniqueness theorems over all admissible processes.

MSNR invariance is not introduced as an independent behavioural axiom concerning
investor preferences since, in the full construction of Paper I [1], the axioms imply a
dynamically consistent one-factor SDE in which the affine drift, f, and diffusion, g, share
the same maturity and state kernel. The common-kernel construction therefore yields
an MSNR that is constant across maturity and, under equilibrium stationarity, calendar
time.

For the Robin and Dirichlet boundary cases, the paper does not repeat the full g
construction. Instead, maturity invariance of the MSNR is used as a reduced-form
expression of the same common-kernel restriction and thereby selects the remaining
boundary coefficient. Once this coefficient has been fixed, the identified equilibrium signal
and noise scales retain the same maturity loading, with calendar-time invariance following
from equilibrium stationarity.

For Dirichlet, the identified results are

BY = a%(rp — To0), Bp min = 2B5%, Var(Bp,) = (B%)?, (9.1.1)
D \/E ap
Rt . MSNRp = —=. 1.2
.~ R SNRp 7 (9.1.2)
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For Robin, the identified one-factor affine manifold is

2

/{ e
Brt = B +RﬁRa§zAR + KpaR ARy, (9.1.3)
with

2+/€R ar
—Aj MSNRgp = —. 14

V2

These are not assumptions added to the cross-sectional Ansatz. They are the additional

Var(AR,t> — (AR,bdry - A?{)27 AR,bdry —

identification consequences of the axioms and the chosen affine closure.

10 Conclusion

10.1 Summary and implications

This paper extends the Unified Boundary Field Theory of instantaneous rolling forward
rates from a free short-boundary to fixed and mixed short-boundary conditions. The
principal result is a classification of the stochastic coordinate selected by the short-
boundary condition. Under a Neumann, or free, boundary, stochastic variation may enter
through the boundary level. Under a Dirichlet, or fixed, boundary, the boundary level is
pinned and the remaining stochastic variation is carried by the repeated-root coefficient,
equivalently represented by the boundary slope. Under a Robin, or mixed, boundary,
the boundary level and boundary slope are linked by one affine restriction and therefore
continue to describe a one-factor stochastic manifold.

The repeated-root branch provides the maturity functions

2 2

e 7 and Te . (10.1.1)

Their boundary interpretation is central. The first permits stochastic exposure at the
short-boundary, while the second vanishes at the pinned boundary but remains non-zero
at interior maturities. Consequently, the Dirichlet construction has zero short-boundary
volatility, positive interior stochastic exposure, a rank-one covariance kernel and an
endogenous volatility hump. The Robin construction combines the two modes without
introducing a second stochastic factor because the mixed boundary condition restricts
their coefficients to a one-dimensional affine relation.

The paper also separates representation from identification. The representation results
follow from the admissible repeated-root cross-sectional branch and the relevant boundary
condition. The identification results additionally use the affine Kolmogorov forward
closure, rolling equilibrium moment transport, positivity and boundary degeneracy. Under
these restrictions, the Dirichlet and Robin state dynamics, stationary variances, factor
relations and positivity calibrations are determined rather than selected independently.

A further implication of the common-kernel SDE structure is Market Signal-to-Noise
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Ratio invariance. Within each identified boundary regime, the equilibrium instantaneous
expected market signal and instantaneous standard deviation possess the same matu-
rity loading. Their ratio is consequently invariant in maturity and, under equilibrium
stationarity, calendar time, and is given by

ap

MSNRp = % and  MSNRp = % (10.1.2)
for the Dirichlet and Robin regimes respectively. In the abbreviated boundary derivations,
maturity-invariant MSNR is used as the reduced-form condition that selects the remaining
boundary coefficient consistent with this common-kernel structure. The results are
therefore within-regime invariance statements; equality across regimes would additionally
require (ap = ag).

The economic interpretation is that a short-boundary condition alters the curve locally and
it determines which boundary observable may remain stochastic and how that stochasticity
is transmitted through maturity. The Dirichlet and Robin constructions therefore provide
a structural explanation for linear-exponential and humped volatility forms that are often
introduced through empirical coefficient selection. Here, the maturity basis is retained,
but the coefficients are constrained by the boundary geometry and the axioms.

The resulting short-boundary classification provides a natural foundation for later exten-
sions in which the fixed-long-boundary assumption is relaxed. Such an extension would
need to determine whether, and in what modified form, the short-boundary geometry
derived here remains compatible with a stochastic realised long endpoint. Because the
fixed long level, equilibrium restrictions and maturity weightings are jointly determined in
the present construction, the resulting state dimension, covariance rank and maturity map
must be derived within the extended boundary problem rather than assumed in advance.

Relationship to prior and subsequent work

The present paper uses the rolling-maturity KFE machinery developed in Paper I [1]: affine
drift and diffusion closure, equilibrium moment transport, rank-one covariance aggregation
and the within-regime Market Signal-to-Noise Ratio invariance. Its new contribution is the
classification of fixed and mixed short-boundary conditions and the identification of the
repeated-root boundary-slope mode as a stochastic coordinate. A subsequent extension
may investigate the relaxation of the fixed realised long-endpoint condition. Such an
analysis would need to reconsider the equilibrium condition, the maturity loadings and
the restrictions determining the repeated-root coefficient before establishing whether the
Robin maturity map derived here is retained, modified or replaced.
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